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Bour’s spacelike maximal and timelike minimal surfaces in
the 3-dimensional Minkowski space
Erhan Gu¨ler
Abstract. Bour’s minimal surface has remarkable properties in three dimen-
sional Minkowski space. We reveal the definite and indefinite cases of the
Bour’s surface using Weierstrass representations, and give some differential
geometric properties of the astonishing maximal and minimal surfaces.
1. Introduction
The origins of minimal surface theory can be traced back to 1744 with the
Swedish mathematician Leonhard Euler’s paper, and to the 1760 French mathe-
matician Joseph Louis Lagrange’s paper.
A minimal surface in three dimensional Euclidean space E3 is a regular surface
for which the mean curvature vanishes identically, firstly defined by Lagrange in
1760.
Classical minimal surfaces in Riemannian geometry are known by nearly all
the mathematicians, especially the geometers. However, there is a little knowledge
about the Bour’s minimal surface. In 1862, the French mathematician Jacques
Edmond E´mile Bour used semigeodesic coordinates and found a number of new
cases of deformations of surfaces. He gave a well known theorem about the helicoidal
and rotational surfaces. And also the Bour-Enneper equation (today called the sine-
Gordon wave equation) used in soliton theory and quantum field theories in Physics
was first set down by Bour.
Minimal surfaces applicable onto a rotational surface were first determined
by Bour [2] in 1862. These surfaces have been called Bm (following Haag) to
emphasize the value of m. We see the papers dealing with the Bm in the literature:
Bour, E. Theorie de la deformation des surfaces. Journal de l’Eˆcole Imperiale
Polytechnique, tome 22, cahier 39 (1862), pp. 99-109.
Schwarz, H. A. Miscellen aus dem Gebiete der Minimalfla¨chen. Journal de
Crelle, vol. 80 (1875), p. 295, published also in Gesammelte Mathematische Ab-
handlungen.
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Ribaucour, A. Etude sur les elassoides ou surfaces a courbure moyenne nulle.
Memoires Couronnes de l’Academie Royale de Belgique, vol. XLIV (1882), chapter
XX, pp. 215-224.
Demoulin, A. Bulletin des Sciences Mathematiques (2), vol. XXI (1897), pp.
244-252.
Haag, J. Bulletin des Sciences Mathematiques (2), vol. XXX (1906), pp. 75-94,
also pp. 293-296.
Stu¨bler, E. Mathematische Annalen, vol. 75 (1914), pp. 148-176.
Whittemore, J. K. Minimal surfaces applicable to surfaces of revolution. Ann.
of Math. (2) 19 (1917), no. 1, 1–20.
All real minimal surfaces applicable to rotational surfaces setting
F (s) = Csm−2
in the Weierstrass representation equations, where s, C ∈ C, m ∈ R, and F (s) is
an analytic function. For C = 1, m = 0 we obtain the Catenoid, C = i, m = 0, the
right Helicoid, C = 1, m = 2, the Enneper’s surface (see also [3, 8]).
The Bour’s surface has not been studied up till now in three dimensional
Minkowski space L3. In this paper, we reveal the Bour’s surface in L3.
Next, we focus on the definite (resp. indefinite) case of the Bour’s maximal
(resp. minimal) surface in three dimensional Minkowski space L3.
2. Bour’s spacelike maximal surface Bm
Throughout this work, we shall identify a vector −→v = (u, v, w) with its trans-
pose, the surfaces will be smooth, and simply connected.
2.1. Definite case. Let L3 be a 3-dimensional Minkowski space with natural
Lorentzian metric
〈 . , . 〉 = dx2 + dy2 − dz2.
A vector−→v in L3 is called spacelike if
〈−→v ,−→v 〉 > 0 or −→v = 0, timelike if 〈−→v ,−→v 〉 < 0,
lightlike if −→v 6= 0 satisfies
〈−→v ,−→v 〉 = 0.
A surface in L3 is called a spacelike (resp. timelike, degenere (lightlike)) if the
induced metric on the surface is a positive definite Riemannian (resp. Lorentzian,
degenere) metric. A spacelike surface with vanishing mean curvature is called a
maximal surface in three dimensional Minkowski space.
The Weierstrass representation theorem for minimal surfaces in E3 is discovered
by K. Weierstrass in 1866 [9]. Next, we give it for the maximal surfaces in L3.
Theorem 1. (Weierstrass representation for maximal surfaces in L3). Let F
and G be two holomorphic functions defined on a simply connected open subset U
of C such that F does not vanish and |G| 6= 1 on U . Then the map
x (ζ) = Re
∫ ζ  F
(
1 + G2
)
i F
(
1− G2
)
2FG

 dζ
is a conformal immersion of U into L3 whose image is a maximal surface.
See also details for the maximal surfaces in literature [1, 5, 7].
Lemma 1. The Weierstrass patch determined by the functions
(F (ζ) ,G (ζ)) =
(
ζm−2, ζ
)
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is a representation of the Bour’s surface of value ζ ∈ C, m ∈ R in L3.
Theorem 2. Bour’s surface of value m
(2.1) Bm (r, θ) =


rm−1
m−1 cos [(m− 1) θ] +
rm+1
m+1 cos [(m+ 1) θ]
− r
m−1
m−1 sin [(m− 1) θ] +
rm+1
m+1 sin [(m+ 1) θ]
2 r
m
m cos (mθ)


is a maximal surface in L3, where m ∈ R− {−1, 0, 1}.
Proof. The coefficients of the first fundamental form of the surface Bm are
E = r2m−4
(
1− r2
)2
,
F = 0,
G = r2m−2
(
1− r2
)2
.
We have
det I =
[
r2m−3
(
1− r2
)2]2
.
So, Bm is a spacelike surface. The Gauss map of the surface is
e =
1
r2 − 1

 2r cos(θ)2r sin(θ)
r2 + 1

 .
The coefficients of the second fundamental form of the surface are
L = 2rm−2 cos (mθ) ,
M = −2rm−1 sin (mθ) ,
N = −2rm cos (mθ) .
Then, we have
det II = −4r2m−2.
In spacelike case, the Gaussian curvature is defined by
K = ǫ
det II
|det I|
,
where ǫ := 〈e, e〉 = −1 in L3. Hence, the Gaussian curvature and the mean curvature
of the Bour’s surface of value m, respectively, are
K =
(
2r2−m
(1− r2)2
)2
, H = 0.
Therefore, the Bm is a maximal surface in L
3. 
2.2. Bour’s spacelike surface B3. If take m = 3 in Bm (r, θ), we have
Bour’s maximal surface B3 (see Fig. 1 and Fig. 2)
(2.2) B3 (r, θ) =

 r
2
2 cos (2θ) +
r4
4 cos (4θ)
− r
2
2 sin (2θ) +
r4
4 sin (4θ)
2
3r
3 cos (3θ)


in Minkowski 3-space, where r ∈ [−1, 1], θ ∈ [0, π].
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(a) (b)
Figure 1 Bour’s maximal surface B3 (r, θ)
Figure 2 Maximal B3 (r, θ) with its shadows
The coefficients of the first fundamental form of the Bour’s maximal surface of
value 3 are
E = r2
(
1− r2
)2
, F = 0, G = r4
(
1− r2
)2
.
So,
det I = r6
(
1− r2
)4
.
The Gauss map of the surface is
e =
1
r2 − 1
(
2r cos(θ), 2r sin(θ), 1 + r2
)
.
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The coefficients of the second fundamental form of the surface are
L = 2r cos (3θ) , M = −2r2 sin (3θ) , N = −2r3 cos (3θ) .
Then,
det II = −4r4.
The mean and the Gaussian curvatures of the Bour’s maximal surface of value 3
are, respectively,
H = 0, K =
4
r2 (1− r2)
4 .
The Weierstrass patch determined by the functions
(F,G) = (ζ, ζ)
is a representation of the Bour’s maximal surface of value 3 in L3. The parametric
form of the maximal surface B3 (see Fig. 3, and Fig. 4) is
(2.3) B3 (u, v) =

 u
4
4 +
v4
4 −
3
2u
2v2 + u
2
2 −
v2
2
u3v − uv3 − uv
2
3u
3 − 2uv2

 ,
where u, v ∈ R.
(a) (b)
Figure 3 Maximal surface B3 (u, v) , u, v ∈ [−1, 1]
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Figure 4 Maximal surface B3 (u, v) with its shadows
The coefficients of the first fundamental form of the Bour’s surface of value 3
are
E =
(
u2 + v2
) (
u2 + v2 − 1
)2
= G, F = 0,
So,
det I =
(
u2 + v2
)2 (
u2 + v2 − 1
)4
.
The Gauss map of the surface B3 is
e =
1
u2 + v2 − 1
(
2u, 2v, u2 + v2 + 1
)
.
The coefficients of the second fundamental form of the surface are
L = 2u, M = −2v, N = −2u.
Then,
det II = −4
(
u2 + v2
)
.
The mean and the Gaussian curvatures of the Bour’s minimal surface of value 3 are
H = 0, K =
4
(u2 + v2) (1 + u2 + v2)
4 .
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2.3. Applications of the definite case in L3.
Example 1. If take m = 2, we have Enneper’s maximal surface without self-
intersections (see Fig. 5)
B2 (r, θ) =

 r cos (θ) + r
3
3 cos (3θ)
−r sin (θ) + r
3
3 sin (3θ)
r2 cos (2θ)

 ,
and (F,G) = (1, ζ) in Minkowski 3-space, where r ∈ [−1, 1], θ ∈ [0, π].
(a) (b)
Figure 5 Maximal surface B2 without self-intersections
Example 2. If take m = 2, we have Enneper’s maximal surface with self-
intersections (see Fig. 6) in Minkowski 3-space, where r ∈ [−3, 3], θ ∈ [0, π].
(a) (b)
Figure 6 Maximal surface B2 with self-intersections
Example 3. If take m = 12 , we have (see Fig. 7)
B1/2 (r, θ) =

 −2r−1/2 cos
(
θ
2
)
+ 23r
3/2 cos
(
3θ
2
)
−2r−1/2 sin
(
θ
2
)
+ 23r
3/2 sin
(
3θ
2
)
4r1/2 cos
(
θ
2
)

 ,
and (F,G) =
(
ζ−3/2, ζ
)
in Minkowski 3-space, where r ∈ [−1, 1], θ ∈ [−2π, 2π].
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(a) (b)
Figure 7 Maximal surface B1/2
Example 4. If m = 32 , we have (see Fig. 8)
B3/2 (r, θ) =

 2r−1/2 cos
(
θ
2
)
+ 25r
5/2 cos
(
5θ
2
)
−2r−1/2 sin
(
θ
2
)
+ 25r
5/2 sin
(
5θ
2
)
4
3r
3/2 cos
(
3θ
2
)

 ,
with self-intersections, and (F,G) =
(
ζ−1/2, ζ
)
in Minkowski 3-space, where r ∈
[−3, 3], θ ∈ [−2π, 2π].
(a) (b)
Figure 8 Maximal surface B3/2
Example 5. If m = 32 , we have B3/2 (r, θ) without self-intersections (see Fig.
9), and (F,G) =
(
z−1/2, z
)
in Minkowski 3-space, where r ∈ [−1, 1], θ ∈ [−2π, 2π].
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(a) (b)
Figure 9 Maximal surface B3/2
Example 6. If m = 23 , we have (see Fig. 10)
B2/3 (r, θ) =

 −3r−1/3 cos
(
θ
3
)
+ 35r
5/3 cos
(
5θ
3
)
−3r−1/3 sin
(
θ
3
)
+ 35r
5/3 sin
(
5θ
3
)
3r2/3 cos
(
2θ
3
)

 ,
and (F,G) =
(
ζ−4/3, ζ
)
in Minkowski 3-space, where r ∈ [−1, 1], θ ∈ [−3π, 3π].
(a) (b)
Figure 10 Maximal surface B2/3
Example 7. If m = 43 , then we have (see Fig. 11)
B4/3 (r, θ) =

 3r1/3 cos
(
θ
3
)
+ 37r
7/3 cos
(
7θ
3
)
−3r1/3 sin
(
θ
3
)
+ 37r
7/3 sin
(
7θ
3
)
3
2r
4/3 cos
(
4θ
3
)

 ,
and (F,G) =
(
ζ−2/3, ζ
)
in Minkowski 3-space, where r ∈ [−2, 2], θ ∈ [−3π, 3π].
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(a) (b)
Figure 11 Maximal surface B4/3
Example 8. If m = 52 , then we have (see Fig. 12)
B5/2 (r, θ) =

 23r3/2 cos
(
3θ
2
)
+ 27r
7/2 cos
(
7θ
2
)
− 23r
3/2 sin
(
3θ
2
)
+ 27r
7/2 sin
(
7θ
2
)
4
5r
5/2 cos
(
5θ
2
)

 ,
and (F,G) =
(
ζ1/2, ζ
)
in Minkowski 3-space, where r ∈ [−1, 1], θ ∈ [−2π, 2π].
(a) (b)
Figure 12 Maximal surface B5/2
Example 9. If m = 4, then we have (see Fig. 13)
B4 (r, θ) =

 13r3 cos (3θ) + 15r5 cos (5θ)− 13r3 sin (3θ) + 15r5 sin (5θ)
1
2r
4 cos (4θ)

 ,
and (F,G) =
(
ζ2, ζ
)
in Minkowski 3-space, where r ∈ [−1, 1], θ ∈ [0, 2π].
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(a) (b)
Figure 13 Maximal surface B4
3. Bour’s timelike minimal surface Bm
3.1. Indefinite case. Let L2 =
(
R2,−dx2 + dy2
)
be Minkowski plane, and
L3 be a 3-dimensional Minkowski space with natural Lorentzian metric
〈 . , . 〉 = −dx2 + dy2 + dz2.
Theorem 3. (Weierstrass representation for timelike minimal surfaces in L3)
Let x :M→ L3 be a timelike surface parametrized by null coordinates (u, v), where
u := −x+ y, v := x+ y. Timelike minimal surface is represented by
(3.1) x(u, v) =
∫ u −f
(
1 + g2
)
f
(
1− g2
)
2fg

 du+ ∫ v

 f
(
1 + g2
)
f
(
1− g2
)
2fg

 dv.
The functions f(u), g(u), f(v) and g(v) are defined by
f =
−φ1 + φ2
2
, g =
φ3
−φ1 + φ2
,
f =
µ1 + µ2
2
, g =
µ3
µ1 + µ2
,
and φ = (φ1, φ2, φ3) , µ = (µ1, µ2, µ3) vector valued functions, φ (u) := xu, µ (v) :=
xv satisfy
(φ)
2
= 0, (µ)
2
= 0.
Hence, the timelike minimal surface has the form
x(u, v) =
∫ u
φ (u) du+
∫ v
µ (v) dv
= Ω(u) + Ψ (v) ,
and its conjugate
x∗(u, v) = Ω (u)−Ψ(v) ,
where φ (u) and µ (v) are linearly independent, Ω (u) and Ψ (v) are null curves in
L3. Weierstrass formula for the timelike minimal surfaces obtained by M. Magid
[6] (see also [4], for details).
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Lemma 2. The Weierstrass patch determined by the functions
(f(u),g(u)) =
(
um−2, u
)
and (f(v), g(v)) =
(
vm−2, v
)
is a representation of the Bour’s timelike minimal surface of value m in L3, where
m ∈ R.
Bour’s timelike minimal surface of value m is∫ u −um−2
(
1 + u2
)
um−2
(
1− u2
)
2um−1

 du+ ∫ v

 vm−2
(
1 + v2
)
vm−2
(
1− v2
)
2vm−1

 dv,
and it has the form
(3.2) Bm(u, v) =

 − 1m−1
(
um−1 − vm−1
)
− 1m+1
(
um+1 − vm+1
)
1
m−1
(
um−1 + vm−1
)
− 1m+1
(
um+1 + vm+1
)
2 1m (u
m + vm)

 .
Therefore, Bm (r, θ) is
x = −
rm−1
m− 1
(
cos(m−1) (θ)− sin(m−1) (θ)
)
−
rm+1
m+ 1
(
cos(m+1) (θ)− sin(m+1) (θ)
)
,
y =
rm−1
m− 1
(
cos(m−1) (θ) + sin(m−1) (θ)
)
−
rm+1
m+ 1
(
cos(m+1) (θ) + sin(m+1) (θ)
)
,
z = 2
rm
m
(cosm (θ) + sinm (θ)) .
Theorem 4. Bour’s surface Bm (r, θ) is a timelike minimal surface in L
3,
where m ∈ R− {−1, 0, 1}.
Proof. The coefficients of the first fundamental form of the Bm are
E = 4r2m−4 (sin θ cos θ)
m−1 (
1 + r2 sin θ cos θ
)2
,
F = 2r2m−3 (sin θ cos θ)
m−2 (
1 + r2 sin θ cos θ
)2
cos (2θ) ,
G = −4r2m−2 (sin θ cos θ)
m−1 (
1 + r2 sin θ cos θ
)2
.
Then we have
det I = −
[
2r2m−3 (sin θ cos θ)
m−2 (
1 + r2 sin θ cos θ
)2]2
.
So, Bm is a timelike surface. The Gauss map is
e =
1
1 + r2 sin θ cos θ

 r (cos θ − sin θ)r (cos θ + sin θ)
r2 cos θ sin θ − 1

 .
The coefficients of the second fundamental form of the surface are
L = −2rm−2(sinm (θ) + cosm (θ)),
M = 2rm−1(sin (θ) cosm−1 (θ)− cos (θ) sinm−1 (θ)),
N = −2rm(sin2 (θ) cosm−2 (θ) + cos2 (θ) sinm−2 (θ)).
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We have
det II = −4r2m−2 (sin θ cos θ)m−2 .
Hence, the Gaussian curvature and the mean curvature, respectively, are
K = (sin θ cos θ)
2−m
(
r2−m
(1 + r2 sin θ cos θ)
2
)2
,
and
H = 0.
So, the Bm is a timelike minimal surface in L
3. 
3.2. Bour’s timelike surface B3. If takem = 3 inBm (r, θ), we have Bour’s
timelike minimal surface (see Fig. 14)
(3.3) B3 (r, θ) =


(
− r
2
2 −
r4
4
)
cos (2θ)
r2
2 −
r4
4
(
cos4 (θ) + sin4 (θ)
)
2 r
3
3
(
cos3 (θ) + sin3 (θ)
)


in Minkowski 3-space, where r ∈ [−1, 1], θ ∈ [0, π].
(a) (b)
Figure 14 Bour’s timelike minimal surface B3 (r, θ)
The coefficients of the first fundamental form of the Bour’s timelike minimal
surface of value 3 are
E = 4r2 (sin θ cos θ)
2 (
1 + r2 sin θ cos θ
)2
,
F = r3 sin 2θ
(
1 + r2 sin θ cos θ
)2
cos (2θ) ,
G = −4r4 (sin θ cos θ)
2 (
1 + r2 sin θ cos θ
)2
.
Then
det I = −4r6 (sin θ cos θ)
2 (
1 + r2 sin θ cos θ
)4
.
The coefficients of the second fundamental form of the surface are
L = −2r(sin3 (θ) + cos3 (θ)),
M = 2r2(sin (θ) cos2 (θ)− cos (θ) sin2 (θ)),
N = −2r3(sin2 (θ) cos (θ) + cos2 (θ) sin (θ)).
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So,
det II = −4r4 sin θ cos θ.
The mean and the Gaussian curvatures of the Bour’s minimal surface of value 3
are, respectively,
H = 0, K =
1
r2 sin θ cos θ (1 + r2 sin θ cos θ)
4 .
The Weierstrass patch determined by the functions
(f,g) = (u, u) and (f, g) = (v, v)
in L3.
The parametric form of the surface (see Fig. 15) is
(3.4) B3 (u, v) =

 − 12
(
u2 − v2
)
− 14
(
u4 − v4
)
1
2
(
u2 + v2
)
− 14
(
u4 + v4
)
2
3
(
u3 + v3
)

 ,
where u, v ∈ I ⊂ R.
(a) (b)
Figure 15 Timelike minimal surface B3 (u, v) , u, v ∈ [−1, 1]
The coefficients of the first fundamental form of the timelike Bour’s surface of
value 3 are
E = 0 = G, F = 2uv (1 + uv)
2
,
So,
det I = −4u2v2 (1 + uv)
4
.
The Gauss map of the surface B3 is
e =
1
1 + uv
(u− v, u+ v, uv − 1) .
The coefficients of the second fundamental form of the surface are
L = −2u, M = 0, N = −2v.
Then,
det II = 4uv.
The mean and the Gaussian curvatures of the timelike Bour’s minimal surface B3
are
H = 0, K = −
1
uv (1 + uv)
4 .
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3.3. Applications of the indefinite case in L3.
Example 10. If take m = 2, we have B2 (r, θ) (see Fig. 16)
 −r (cos (θ)− sin (θ))− r
3
3
(
cos3 (θ)− sin3 (θ)
)
r (cos (θ) + sin (θ))− r
3
3
(
cos3 (θ) + sin3 (θ)
)
r2


in Minkowski 3-space, where r ∈ [−2, 2], θ ∈ [−π/2, π/2].
(a) (b)
Figure 16 Bour’s timelike minimal surface B2 (r, θ)
Example 11. If take m = 2, we have B2 (r, θ) (see Fig. 17) in Minkowski
3-space, where r ∈ [−3, 3], θ ∈ [−π/2, π/2].
(a) (b)
Figure 17 Bour’s timelike minimal surface B2 (r, θ)
Example 12. If take m = 4, we have B4 (r, θ) (see Fig. 18)
 −
r3
3
(
cos3 (θ)− sin3 (θ)
)
− r
5
5
(
cos5 (θ)− sin5 (θ)
)
r3
3
(
cos3 (θ) + sin3 (θ)
)
− r
5
5
(
cos5 (θ) + sin5 (θ)
)
r4
4
(
cos4 (θ) + sin4 (θ)
)


in Minkowski 3-space, where r ∈ [−1, 1], θ ∈ [0, π].
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(a) (b)
Figure 18 Bour’s timelike minimal surface B4 (r, θ)
Example 13. If take m = 4, we have B2 (r, θ) (see Fig. 19) in Minkowski
3-space, where r ∈ [−2, 2], θ ∈ [0, π/2].
(a) (b)
Figure 19 Bour’s timelike minimal surface B4 (r, θ)
Example 14. If take m = 5, we have B5 (r, θ) (see Fig. 20)

 −
r4
4
(
cos4 (θ)− sin4 (θ)
)
− r
6
6
(
cos6 (θ)− sin6 (θ)
)
r4
4
(
cos4 (θ) + sin4 (θ)
)
− r
6
6
(
cos6 (θ) + sin6 (θ)
)
r5
5
(
cos5 (θ) + sin5 (θ)
)


in Minkowski 3-space, where r ∈ [−0.003, 0.003], θ ∈ [0, π].
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(a) (b)
Figure 20 Bour’s timelike minimal surface B5 (r, θ)
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